Abstract -In this work robust control methods are used to design and analyze control systems for a variable-displacement hydraulic pump. More accurate uncertainty descriptions are derived by using an uncertainty model with some structure as opposed to an unstructured uncertainty model. The system studied includes one variable-displacement swash-plate hydraulic pump with a constant drive speed model. The input to the system is the current actuating the control valve position, while the system output is the discharge pressure of the pump. A PD controller and an H-infinity two degrees-of-freedom controller were designed.
I. INTRODUCTION
Hydraulic system dynamics possess a significant amount of variability.
From changing parameters to input disturbances, the behavior of these systems tends to vary as operating conditions change.
Because stability and performance are affected when the system dynamics change, a controller for a hydraulic system must include consideration of these changing conditions.
Hydraulic systems are designed to ensure stability under all operating conditions, resulting in relatively conservative performance characteristics. By using more advanced, higher-order controllers, the performance of a system can be improved with less sacrifice in stability. A hydraulic pump can possess large amounts of model uncertainty from several different sources, making it likely that performance can be improved by these methods while still maintaining a stable system. The classical control technique often employed for this system, known as proportional, integral, and derivative control (PID), modern control is an excellent alternative.
Njabeleke et al. [1] showed that some measure of overall uncertainty could be derived from experimental results using hydraulic equipment; however, this uncertainty model represents a conservative measure of system variance. The choice of an uncertainty model is a key to the successful design of modern controllers, and Shamma [2] showed mathematically that structured uncertainty provided an inherent increase in accuracy over unstructured uncertainty.
Many examples exist of research using modern control methods in hydraulic systems. H ∞ control techniques in a multiple-input, multiple-output hydraulic powertrain system were implemented by Zhang et al. [3] , showing that H ∞ methods could produce robust controllers. A single-input, single-output hydraulic system was studied by Njabeleke [1] , controlling the velocity of a cylinder using modern control methods. This work also concluded that the controllers produced by modern control methods need not necessarily be of high order. The high-order dynamics of modern controllers is often considered a disadvantage over lower-order classical controllers. Model order reduction was used to ensure the feasibility of using these controllers in hydraulic systems.
The objectives of this paper are to model a variable displacement hydraulic pump, analyze the uncertainty of the model using linear methods, develop modern controllers to increase robustness while controlling the pump outlet pressure, and analyze these controllers in the frequency and time domains to verify these properties.
The paper is organized as follows: the nomenclature is given, the model is presented, the uncertainty model is derived, the control design is introduced, robustness analysis in the time and frequency domains is shown, and conclusions are presented.
II The inputs to the displacement model are the pump pressure (in Pa) and the pump control valve command input. The output of the displacement model is the pump flow rate. The model itself consists of a control valve connected to a control chamber, which directs the motion of the swashplate. It also contains a swivel torque model, which affects the steady-state position of the swash-plate, and the dynamics of all moving parts within the system. There is no mechanical closed loop control of the swash plate. The details of this standard variable displacement pump model are omitted here due to space considerations. The reader is directed to such works as [8] and [9] for information on modeling variable displacement pumps. The path of each input is summarized next.
One of the key characteristics of the pump displacement control is the control valve. This spool valve is used to regulate the pressure within the control chamber, which actuates the cylinder attached to the swash-plate, shown in Due to the fact that 13 separate control valves had previously been constructed and tested, produced by three different manufacturers, and that data was readily available on all 13, empirical methods were used to model the control valve. A table of flow, pressure, and valve current information was created and used in the model. The advantage of this method was that tables could easily be changed in the system model to simulate different valves being used to control the swash-plate in the pump. The ability to introduce uncertainty into the system by using different control valves will be used later when analyzing the system uncertainty.
Each valve, individually, was to be tested by the manufacturers at four different supply pressures (1.5 MPa, 10 MPa, 20 MPa, and 30 MPa) and at a variety of input currents ranging from 0 A to 1.75 A. The parameter measured for each valve was the flow rate through the valve under each test condition. In the data sets, the flow measured for an input current less than 1 A signifies flow through the control cylinder to drain port A while flow for an input current greater than 1 A passes through port B connected the control cylinder to the supply pressure. The control cylinder adjusts the position of the swash-plate mechanically.
The flow rate through the load valve is, Q load . The downstream load valve consists solely of a flow restriction. Its input is the pump pressure and its output is the downstream flow rate. All of the flow passing through the load valve is returned to the hydraulic fluid storage tank.
The load valve model consists of a single equation: the orifice equation. This equation states that ( )
where the discharge coefficient, C d , is set equal to 0.62 nominally. The fluid density, ρ, has a value of 850 kg/m 3 , and the orifice's nominal area, A, is 0.50 cm 3 . The inlet pressure of this valve is the pump pressure (noted as P 1 ), the outlet pressure is the atmospheric pressure (noted as P 2 ), and Q denotes the flow through the valve, Q load .
To summarize the model, the four equations of the system are presented in Eqs. (8) (9) (10) (11) .
A linearized version of the model was acquired using finite differencing techniques. IV. SYSTEM UNCERTAINTY In a robustness study, it is important to determine the amount of variance that exists within a system. A robust controller is designed such that it can maintain stability under all expected operating conditions, making it important to establish what these conditions might be. By creating an uncertainty model, the variance within a system can be quantified. The uncertainty model will be used to calculate the level of robustness of a controlled system. An uncertainty model is, essentially, a statement of the maximum variance the system will experience. Mathematically, it is a transfer function that represents the maximum error in the output of a system. A block diagram showing the architecture of a system with a multiplicative output uncertainty model (w O ) is shown in Figure 3 . It is important to realize that the uncertainty of a system is equivalent to its variation from a nominal case. With an uncertainty architecture selected, calculation of the uncertainty transfer function w O can begin. The first step in this process is to determine which properties of the system will vary. The uncertainty within a hydraulic system increases as the system strays from its nominal operating point. Another concern within a hydraulic system is the ThC01.3 variance of fluid parameters. The fluid bulk modulus (β) can vary due to many different operating conditions [9] and will be included in this uncertainty study.
Another cause of uncertainty within a system is manufacturing variability. In this model, the control valve within the pump is subject to this variability. Several different manufacturers each provided several separate spool valves to be used in this study. Each valve's flow coefficient is different, varying from an average value by some percent. As this deviation from the average increases, the uncertainty due to using the corresponding valve also increases. Using data from a variety of valves is considered since component part sources are often changed in commercial products without adequate engineering analysis for economic reasons.
The final source of uncertainty explored is that due to different pump applications. The pump studied in this project will be used for many different functions, and therefore, the load valve as modeled earlier will change as the requirements of the load change.
To calculate the uncertainty of a system, the set of perturbed plants must first be defined. The set of perturbed plants (G p ) is the collection of all possible linear plants given every combination of uncertain characteristics. Its variance from the nominal plant is normalized by calculating
Using the property that
one can calculate the uncertainty description outright:
The uncertainty description calculated in Eq. (8) is known as the unstructured uncertainty model. The alternative to unstructured uncertainty is structured uncertainty, which will be presented later in this section.
The varying conditions within the model should be outlined first. The two varying physical conditions within the system (fluid bulk modulus and load valve area) were each allowed to vary over a range of possible values centered around a nominal value. The full range of variance for each parameter is outlined in Table 1 . The variance within the system due to a changing operating point is simulated by adjusting the input to the system and linearizing the system using the new input. In all, six separate operating points were studied
The 13 separate control valves used in the uncertainty analysis were each treated as a variation from a nominal valve. The nominal valve characteristics were calculated by creating an "average valve" based on test data from the 13 valves. This average valve consisted of a look-up table that calculated flow for a given set of pressure and input current conditions, in a manner similar to each of the other 13 valves. Each value contained within the average valve's look-up table was the average value calculated from all 13 valves at that operating condition.
After exploring every possible combination of plant variances, the frequency responses of the normalized, varied systems are plotted in Figure 4 . This is equivalent to a plot of Eq. (12) for the pump model G. The second, more precise, approach to modeling system uncertainty is structured uncertainty. The pump model was separated into two components for structured uncertainty analysis: displacement model and pump/load model. The motivation for creating the structured uncertainty model with the two components is efficiency of analysis though more structure would lead to less conservative uncertainty models. The dynamic models of these types of components are created separately and represent parts that may be matched up with other similar parts in different applications.
The calculation of the uncertainty description w O for each component is identical to the uncertainty calculation described by Eq. (8) . When analyzing the displacement model, the operating point, fluid bulk modulus, and control valve chosen were allowed to vary. When analyzing the pump/load model, the operating point, fluid bulk modulus, and load valve area were allowed to vary. The uncertainty description for the displacement model, w O,d , is shown in Figure 5 while the uncertainty description of the load valve model, w O,p , is shown in Figure 6 .
The uncertainty observed in the displacement model is equal to about 60% at low frequencies. The uncertainty seen in the pump/load model is equal to about 110% at low frequencies decreasing to a high-frequency uncertainty of about 35%. Since the uncertainty levels in the structured uncertainty model are lower than that of the unstructured case, it can be concluded that the structured uncertainty model is less conservative than the unstructured uncertainty V. CONTROL DESIGN An objective of this work is to meet a set of performance requirements while maintaining stability. In this application, restrictions have been set in the time domain on allowable steady-state error and maximum overshoot (5% and 200%, respectively). In the frequency domain, a restriction has been set on system bandwidth (2 Hz).
These performance requirements can be incorporated into a single transfer function requirement for use with the performance analysis in the frequency domain. These requirements are summarized in the performance weight, 9) where M is the high frequency error in percent, A is the steady-state tracking error in percent, and ω B is the bandwidth.
A PD control was designed. The performance output of the controlled system is the pump pressure and the controlled input is the current delivered to the control valve. A step response of the controlled system can be seen in Figure 13 .
Design of the two-degrees-of-freedom H ∞ involves finding a stabilizing controller Figure 7 . The shaping function, W 1 , was chosen as the same transfer function that was used in the PD control. 12), the Matlab function coprimeunc.m [10] was utilized, available from Skogestad et al. [7] . The input to this function is the state-space representation of the shaped plant GW 1 and a relative tolerance term, set equal to 1.1.
The output of the function is the state-space representation of the stabilizing controller, K. The control signal applied to the shaped plant
(13) where β is the scaled reference, y is the measured output, and K 1 and K 2 are referred to as the prefilter and feedback controller, respectively. The transfer function, K 2 , will increase the robust stability of the closed loop control of the shaped plant which would be equivalent to PD control if K 2 were not present. The task of the prefilter, K 1 , is to ensure that
where T ref is the desired closed-loop transfer function and ρ is a scalar parameter used to place more or less emphasis on model matching at the expense of robustness. The reference model T ref is used to incorporate time-domain specifications into the design process, such as a desired natural frequency of oscillation and damping ratio. To find a solution to this optimization, the Matlab routine hinf2dof.m [11] was used, which is available from Skogestad et al. [7] along with a detailed description of the control design technique.
The final portion of the controller is the prefilter gain W i , used to ensure steady-state tracking. This gain is defined by
where W o =I in this case. The reason for this prefilter gain is that the previous optimization routine seeks only to minimize the ∞-norm of the error, not the actual error.
The reference model, possessing the desired closed-loop response characteristics, is defined by 
The desired natural frequency of the pump pressure response is 2 Hz, and the desired damping ratio is 0.707. The controlled response of the nonlinear system can be seen in Figure 14 . The overshoot of the nonlinear system is roughly ThC01.3 5%, with slight steady-state error. This dynamic response is similar to that of the reference model. VI. RESULTS Robustness characteristics can be defined in the frequency domain and analyzed to compare control schemes assuming each system is nominally stable (NS). Nominal performance (NP), then, verifies whether or not the nominal controlled system meets the desired performance requirements. Robust stability (RS) determines whether or not the control system is stable for all perturbations of the model. Robust performance (RP) verifies whether or not the performance and stability criteria are met for all model perturbations.
The system matrix N is created using a block diagram manipulation of the generalized plant model, P, and the controller, K (Figure 8) . The system matrix, N, which includes P and K, is then defined as
The structured singular value µ used in place of the singular value σ to take advantage of the diagonal structure of the uncertainty description [7] . The structured singular value of a plant G is then defined as
where k m is the scaling factor that allows The robustness properties are defined as [7] :
To be able to analyze the robustness characteristics of the PD controller in the frequency domain, the structured uncertainty model must be added to the generalized plant P. The model structure with uncertainty is shown in Figure 9 . The generalized plant then consists of a set of dynamic equations, each represented by transfer functions. The resulting generalized plant P PD is defined by 
where D is the linearized displacement model and V is the linear model of the pump/load valve assembly. Figure 9 . Model structure with uncertainty While the PD controlled system does not satisfy any of the robustness criteria, the three robustness characteristics can be used as metrics to judge the stability or performance of a control system when compared with another control system. The model structure with uncertainty is shown in Figure  11 for the two degrees-of-freedom control system. The generalized plant P for the two degrees-of-freedom H ∞ controller is defined by simplifying the block diagram in Figure 11 . N is calculated in the same fashion as that for the PD controlled system of the previous section, with the exception that the reference input of the system acts as a second input to the controller K. The two degrees-offreedom robustness characteristics are shown in Figure 12 .
Analysis of Figure 12 reveals several characteristics of the modern controlled system. Like the classically controlled system, the modern controlled system does not pass the robust performance analytical test. However, improvements over the PD controlled system have been made in the two metrics Robust Stability and Robust Performance.
The time domain responses of the two controlled systems for a varying bulk modulus are shown in Figure 13 and Figure 14 . Comparing Figure 13 and Figure 14 , it can be concluded that the PD controlled system response varies more than the modern controlled system as the bulk modulus changes between trials. While the average rise time of the PD controlled system is faster (0.040 seconds) than the modern controlled system (0.075 seconds), the maximum VII. CONCLUSION It can be seen from the results that H ∞ control can effectively increase the robustness qualities of a control system on a hydraulic pump at the cost of performance in this case. The variance of the system response due to parameter fluctuation was decreased by using a two degreesof-freedom H ∞ controller, rather than a classical PD controller. Robustness analytical test results concluded that, while the modern control design decreased performance characteristics over the classical control scheme, the robust stability of the system was improved greatly for these particular designs. Finally, the advantages of pursuing a structured uncertainty model rather than an unstructured uncertainty model were confirmed from a control design point of view.
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